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Vyšetřete chovánı́ funkce y =
x

1 + x2
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y =
x

1 + x2
D( f ) = R; lichá;

y = 0 ⇒ x

1 + x2
= 0 ⇒ x = 0

−

0

+

lim
x→±∞

x

1+x2
= lim

x→±∞

1

x
=

1

±∞

= 0

y′ =
1(1 + x2) − x(0 + 2x)

(1 + x2)2

=
1 + x2 − 2x2

(1 + x2)2

=
1 − x2

(1 + x2)2

• Omezenı́ na definičnı́ obor vyplývá ze jmenovatele zlomku.

• Výraz x2 + 1 nesmı́ být nulový.

• To je však zajištěno pro všechna reálná čı́sla.
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y =
x

1 + x2
D( f ) = R; lichá;

y = 0 ⇒ x

1 + x2
= 0 ⇒ x = 0

−

0

+

lim
x→±∞

x

1+x2
= lim

x→±∞

1

x
=

1

±∞

= 0

y′ =
1(1 + x2) − x(0 + 2x)

(1 + x2)2

=
1 + x2 − 2x2

(1 + x2)2

=
1 − x2

(1 + x2)2

• Čitatel, x, je lichá funkce, jmenovatel, (1 + x2), je funkce sudá.

• Jako celek je tedy zlomek lichá funkce.
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y =
x

1 + x2
D( f ) = R; lichá;

y = 0 ⇒ x

1 + x2
= 0 ⇒ x = 0

−

0

+

lim
x→±∞

x

1+x2
= lim

x→±∞

1

x
=

1

±∞

= 0

y′ =
1(1 + x2) − x(0 + 2x)

(1 + x2)2

=
1 + x2 − 2x2

(1 + x2)2

=
1 − x2

(1 + x2)2

Určı́me průsečı́k s osou x a znaménko funkce na jednotlivých intervalech.
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y =
x

1 + x2
D( f ) = R; lichá;

y = 0 ⇒ x

1 + x2
= 0 ⇒ x = 0

−

0

+

lim
x→±∞

x

1+x2
= lim

x→±∞

1

x
=

1

±∞

= 0

y′ =
1(1 + x2) − x(0 + 2x)

(1 + x2)2

=
1 + x2 − 2x2

(1 + x2)2

=
1 − x2

(1 + x2)2

Určı́me průsečı́k s osou x a znaménko funkce na jednotlivých intervalech.
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y =
x

1 + x2
D( f ) = R; lichá;

y = 0 ⇒ x

1 + x2
= 0 ⇒ x = 0

−

0

+

lim
x→±∞

x

1+x2
= lim

x→±∞

1

x
=

1

±∞

= 0

y′ =
1(1 + x2) − x(0 + 2x)

(1 + x2)2

=
1 + x2 − 2x2

(1 + x2)2

=
1 − x2

(1 + x2)2

Zlomek je roven nule právě tehdy, když čitatel je nulový.
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y =
x

1 + x2
D( f ) = R; lichá;

y = 0 ⇒ x

1 + x2
= 0 ⇒ x = 0

−

0

+

lim
x→±∞

x

1+x2
= lim

x→±∞

1

x
=

1

±∞

= 0

y′ =
1(1 + x2) − x(0 + 2x)

(1 + x2)2

=
1 + x2 − 2x2

(1 + x2)2

=
1 − x2

(1 + x2)2

Zakreslı́me průsečı́k x = 0 na osu x. Funkce nemá žádný bod nespojitosti.
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y =
x

1 + x2
D( f ) = R; lichá;

y = 0 ⇒ x

1 + x2
= 0 ⇒ x = 0

−

0

+

lim
x→±∞

x

1+x2
= lim

x→±∞

1

x
=

1

±∞

= 0

y′ =
1(1 + x2) − x(0 + 2x)

(1 + x2)2

=
1 + x2 − 2x2

(1 + x2)2

=
1 − x2

(1 + x2)2

• Jmenovatel (1 + x2) je stále kladný.

• Čitatel zlomku má proto stejné znaménko jako celý zlomek
x

1 + x2
.

• Funkce je kladná, je-li x kladné a naopak.



c©Robert Mařı́k, 2004.

y =
x

1 + x2
D( f ) = R; lichá;

y = 0 ⇒ x

1 + x2
= 0 ⇒ x = 0

−

0

+

lim
x→±∞

x

1+x2
= lim

x→±∞

1

x
=

1

±∞

= 0

y′ =
1(1 + x2) − x(0 + 2x)

(1 + x2)2

=
1 + x2 − 2x2

(1 + x2)2

=
1 − x2

(1 + x2)2

Určı́me limity v nekonečnu.
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y =
x

1 + x2
D( f ) = R; lichá;

y = 0 ⇒ x

1 + x2
= 0 ⇒ x = 0

−

0

+

lim
x→±∞

x

1+x2
= lim

x→±∞

1

x
=

1

±∞

= 0

y′ =
1(1 + x2) − x(0 + 2x)

(1 + x2)2

=
1 + x2 − 2x2

(1 + x2)2

=
1 − x2

(1 + x2)2

• Vı́me, že o výsledku rozhodujı́ jenom vedoucı́ členy v čitateli a ve
jmenovateli.

• Zelenou část lze vynechat.

• Zbytek zkrátı́me:
x

x2
=

1

x
.
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y =
x

1 + x2
D( f ) = R; lichá;

y = 0 ⇒ x

1 + x2
= 0 ⇒ x = 0

−

0

+

lim
x→±∞

x

1+x2
= lim

x→±∞

1

x
=

1

±∞

= 0

y′ =
1(1 + x2) − x(0 + 2x)

(1 + x2)2

=
1 + x2 − 2x2

(1 + x2)2

=
1 − x2

(1 + x2)2
Dosadı́me.



c©Robert Mařı́k, 2004.

y =
x

1 + x2
D( f ) = R; lichá;

y = 0 ⇒ x

1 + x2
= 0 ⇒ x = 0

−

0

+

lim
x→±∞

x

1+x2
= lim

x→±∞

1

x
=

1

±∞

= 0

y′ =
1(1 + x2) − x(0 + 2x)

(1 + x2)2

=
1 + x2 − 2x2

(1 + x2)2

=
1 − x2

(1 + x2)2

• Obě hodnoty
1

∞

i
1

−∞

jsou nulové.

• Funkce má vodorovnou asymptotu y = 0 pro x jdoucı́ k ±∞.
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y =
x

1 + x2
D( f ) = R; lichá;

−

0

+

y′ =
1(1 + x2) − x(0 + 2x)

(1 + x2)2

=
1 + x2 − 2x2

(1 + x2)2

=
1 − x2

(1 + x2)2

y′ =
1 − x2

(1 + x2)2
, x1,2 = ±1

y′ = 0

1 − x2

(1 + x2)2
= 0

• Vypočteme derivaci.

• Derivujeme podı́l podle vzorce pro derivaci podı́lu.
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y =
x

1 + x2
D( f ) = R; lichá;

−

0

+

y′ =
1(1 + x2) − x(0 + 2x)

(1 + x2)2

=
1 + x2 − 2x2

(1 + x2)2

=
1 − x2

(1 + x2)2

y′ =
1 − x2

(1 + x2)2
, x1,2 = ±1

y′ = 0

1 − x2

(1 + x2)2
= 0

Upravı́me.
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y =
x

1 + x2
D( f ) = R; lichá;

−

0

+

y′ =
1(1 + x2) − x(0 + 2x)

(1 + x2)2

=
1 + x2 − 2x2

(1 + x2)2

=
1 − x2

(1 + x2)2

y′ =
1 − x2

(1 + x2)2
, x1,2 = ±1

y′ = 0

1 − x2

(1 + x2)2
= 0

Upravı́me.
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y =
x

1 + x2
D( f ) = R; lichá;

−

0

+

y′ =
1 − x2

(1 + x2)2
, x1,2 = ±1

y′ = 0

1 − x2

(1 + x2)2
= 0

1 − x2 = 0

x2 = 1

x1 = 1

x2 = −1

↘ min ↗ MAX ↘

Hledáme řešenı́ rovnice y′ = 0.
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y =
x

1 + x2
D( f ) = R; lichá;

−

0

+

y′ =
1 − x2

(1 + x2)2
, x1,2 = ±1

y′ = 0

1 − x2

(1 + x2)2
= 0

1 − x2 = 0

x2 = 1

x1 = 1

x2 = −1

↘ min ↗ MAX ↘
Dosadı́me za derivaci.
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y =
x

1 + x2
D( f ) = R; lichá;

−

0

+

y′ =
1 − x2

(1 + x2)2
, x1,2 = ±1

y′ = 0

1 − x2

(1 + x2)2
= 0

1 − x2 = 0

x2 = 1

x1 = 1

x2 = −1

↘ min ↗ MAX ↘

Zlomek je nulový, má-li nulový čitatel.



c©Robert Mařı́k, 2004.

y =
x

1 + x2
D( f ) = R; lichá;

−

0

+

y′ =
1 − x2

(1 + x2)2
, x1,2 = ±1

y′ = 0

1 − x2

(1 + x2)2
= 0

1 − x2 = 0

x2 = 1

x1 = 1

x2 = −1

↘ min ↗ MAX ↘

Vyjádřı́me x2.
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y =
x

1 + x2
D( f ) = R; lichá;

−

0

+

y′ =
1 − x2

(1 + x2)2
, x1,2 = ±1

y′ = 0

1 − x2

(1 + x2)2
= 0

1 − x2 = 0

x2 = 1

x1 = 1

x2 = −1

↘ min ↗ MAX ↘

Vypočı́táme x. Dostáváme dvě řešenı́.
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y =
x

1 + x2
D( f ) = R; lichá;

−

0

+

y′ =
1 − x2

(1 + x2)2
, x1,2 = ±1

↘

−1

min ↗

1

MAX ↘

y′′ =

(

1 − x2

(1 + x2)2

)′

=
−2x(1 + x2)2−(1 − x2)2(1 + x2)(0 + 2x)

(1 + x2)4

=
−2x(1 + x2)[(1 + x2) + (1 − x2)2]

(1 + x2)4

=
−2x[3 − x2]

(1 + x2)3

( 2 )

• Nakreslı́me osu x a stacionárnı́ body.

• Nejsou žádné body nespojitosti.
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y =
x

1 + x2
D( f ) = R; lichá;

−

0

+

y′ =
1 − x2

(1 + x2)2
, x1,2 = ±1

↘

−1

min ↗

1

MAX ↘

y′′ =

(

1 − x2

(1 + x2)2

)′

=
−2x(1 + x2)2−(1 − x2)2(1 + x2)(0 + 2x)

(1 + x2)4

=
−2x(1 + x2)[(1 + x2) + (1 − x2)2]

(1 + x2)4

=
−2x[3 − x2]

(1 + x2)3

( 2 )

Testujeme x = −2. Dostáváme

y′(−2) =
1 − 4

kladná hodnota
< 0.
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y =
x

1 + x2
D( f ) = R; lichá;

−

0

+

y′ =
1 − x2

(1 + x2)2
, x1,2 = ±1

↘

−1

min ↗

1

MAX ↘

y′′ =

(

1 − x2

(1 + x2)2

)′

=
−2x(1 + x2)2−(1 − x2)2(1 + x2)(0 + 2x)

(1 + x2)4

=
−2x(1 + x2)[(1 + x2) + (1 − x2)2]

(1 + x2)4

=
−2x[3 − x2]

(1 + x2)3

( 2 )

Testujeme x = 0.

y′(0) =
1

1
> 0
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y =
x

1 + x2
D( f ) = R; lichá;

−

0

+

y′ =
1 − x2

(1 + x2)2
, x1,2 = ±1

↘

−1

min ↗

1

MAX ↘

y′′ =

(

1 − x2

(1 + x2)2

)′

=
−2x(1 + x2)2−(1 − x2)2(1 + x2)(0 + 2x)

(1 + x2)4

=
−2x(1 + x2)[(1 + x2) + (1 − x2)2]

(1 + x2)4

=
−2x[3 − x2]

(1 + x2)3

( 2 )

Funkce má lokálnı́ minimum v bodě x = −1. Funkčnı́ hodnota je

y(−1) =
−1

1 + (−1)2
= −1

2
.
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y =
x

1 + x2
D( f ) = R; lichá;

−

0

+

y′ =
1 − x2

(1 + x2)2
, x1,2 = ±1

↘

−1

min ↗

1

MAX ↘

y′′ =

(

1 − x2

(1 + x2)2

)′

=
−2x(1 + x2)2−(1 − x2)2(1 + x2)(0 + 2x)

(1 + x2)4

=
−2x(1 + x2)[(1 + x2) + (1 − x2)2]

(1 + x2)4

=
−2x[3 − x2]

(1 + x2)3

( 2 )

Testujeme x = 2. Platı́

y′(2) =
1 − 4

kladná hodnota
< 0.
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y =
x

1 + x2
D( f ) = R; lichá;

−

0

+

y′ =
1 − x2

(1 + x2)2
, x1,2 = ±1

↘

−1

min ↗

1

MAX ↘

y′′ =

(

1 − x2

(1 + x2)2

)′

=
−2x(1 + x2)2−(1 − x2)2(1 + x2)(0 + 2x)

(1 + x2)4

=
−2x(1 + x2)[(1 + x2) + (1 − x2)2]

(1 + x2)4

=
−2x[3 − x2]

(1 + x2)3

( 2 )

Funkce má lokálnı́ maximum v bodě x = 1. Funkčnı́ hodnota je

y(1) = −y(−1) =
1

2
,

kde jsme využili toho, že funkce je lichá a hodnota y(−1) již byla
vypočı́tána.
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y =
x

1 + x2
D( f ) = R; lichá;

−

0

+

y′ =
1 − x2

(1 + x2)2
, x1,2 = ±1

y′′ =

(

1 − x2

(1 + x2)2

)′

=
−2x(1 + x2)2−(1 − x2)2(1 + x2)(0 + 2x)

(1 + x2)4

=
−2x(1 + x2)[(1 + x2) + (1 − x2)2]

(1 + x2)4

=
−2x[3 − x2]

(1 + x2)3

= 2
x(x2 − 3)

(1 + x2)3

Vypočteme druhou derivaci.
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y =
x

1 + x2
D( f ) = R; lichá;

−

0

+

y′ =
1 − x2

(1 + x2)2
, x1,2 = ±1

y′′ =

(

1 − x2

(1 + x2)2

)′

=
−2x(1 + x2)2−(1 − x2)2(1 + x2)(0 + 2x)

(1 + x2)4

=
−2x(1 + x2)[(1 + x2) + (1 − x2)2]

(1 + x2)4

=
−2x[3 − x2]

(1 + x2)3

= 2
x(x2 − 3)

(1 + x2)3

• Derivuje podı́l podle vzorce pro derivaci podı́lu.

• Jmenovatel derivujeme jako složenou funkci. Tı́m se nezbavı́me mož-
nosti vytknout v čitateli a zkrátit zlomek.
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y =
x

1 + x2
D( f ) = R; lichá;

−

0

+

y′ =
1 − x2

(1 + x2)2
, x1,2 = ±1

y′′ =

(

1 − x2

(1 + x2)2

)′

=
−2x(1 + x2)2−(1 − x2)2(1 + x2)(0 + 2x)

(1 + x2)4

=
−2x(1 + x2)[(1 + x2) + (1 − x2)2]

(1 + x2)4

=
−2x[3 − x2]

(1 + x2)3

= 2
x(x2 − 3)

(1 + x2)3

Vytkneme
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y =
x

1 + x2
D( f ) = R; lichá;

−

0

+

y′ =
1 − x2

(1 + x2)2
, x1,2 = ±1

y′′ =

(

1 − x2

(1 + x2)2

)′

=
−2x(1 + x2)2−(1 − x2)2(1 + x2)(0 + 2x)

(1 + x2)4

=
−2x(1 + x2)[(1 + x2) + (1 − x2)2]

(1 + x2)4

=
−2x[3 − x2]

(1 + x2)3

= 2
x(x2 − 3)

(1 + x2)3

Zelené části se zkrátı́. Zjednodušı́me výraz v hranaté závorce.
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y =
x

1 + x2
D( f ) = R; lichá;

−

0

+

y′ =
1 − x2

(1 + x2)2
, x1,2 = ±1

y′′ =

(

1 − x2

(1 + x2)2

)′

=
−2x(1 + x2)2−(1 − x2)2(1 + x2)(0 + 2x)

(1 + x2)4

=
−2x(1 + x2)[(1 + x2) + (1 − x2)2]

(1 + x2)4

=
−2x[3 − x2]

(1 + x2)3

= 2
x(x2 − 3)

(1 + x2)3



c©Robert Mařı́k, 2004.

y =
x

1 + x2
D( f ) = R; lichá;

−

0

+

y′ =
1 − x2

(1 + x2)2
, x1,2 = ±1

y′′ = 2
x(x2 − 3)

(1 + x2)3
⇒ 2

x(x2 − 3)

(1 + x2)3
= 0 ⇒ x(x2 − 3) = 0

x3 = 0, x4 =
√

3, x5 = −
√

3

∩

−
√

3

in. ∪

0

∩
√

3

in. ∪

Vyřešı́me y′′ = 0.
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y =
x

1 + x2
D( f ) = R; lichá;

−

0

+

y′ =
1 − x2

(1 + x2)2
, x1,2 = ±1

y′′ = 2
x(x2 − 3)

(1 + x2)3
⇒ 2

x(x2 − 3)

(1 + x2)3
= 0 ⇒ x(x2 − 3) = 0

x3 = 0, x4 =
√

3, x5 = −
√

3

∩

−
√

3

in. ∪

0

∩
√

3

in. ∪

Zlomek je nulový, je-li nulový jeho čitatel.
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y =
x

1 + x2
D( f ) = R; lichá;

−

0

+

y′ =
1 − x2

(1 + x2)2
, x1,2 = ±1

y′′ = 2
x(x2 − 3)

(1 + x2)3
⇒ 2

x(x2 − 3)

(1 + x2)3
= 0 ⇒ x(x2 − 3) = 0

x3 = 0, x4 =
√

3, x5 = −
√

3

∩

−
√

3

in. ∪

0

∩
√

3

in. ∪

Jsou dvě možnosti: bud’x = 0, nebo x2 − 3 = 0. Druhá z možnostı́ vede
na rovnici

x2 = 3

x = ±
√

3.
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y =
x

1 + x2
D( f ) = R; lichá;

−

0

+

y′ =
1 − x2

(1 + x2)2
, x1,2 = ±1

y′′ = 2
x(x2 − 3)

(1 + x2)3
⇒ 2

x(x2 − 3)

(1 + x2)3
= 0 ⇒ x(x2 − 3) = 0

x3 = 0, x4 =
√

3, x5 = −
√

3

∩

−
√

3

in. ∪

0

∩
√

3

in. ∪

Vyznačı́me body na osu x. Nejsou zde žádné body nespojitosti.
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y =
x

1 + x2
D( f ) = R; lichá;

−

0

+

y′ =
1 − x2

(1 + x2)2
, x1,2 = ±1

↘

−1

min↗

1

MAX↘

y′′ = 2
x(x2 − 3)

(1 + x2)3
⇒ 2

x(x2 − 3)

(1 + x2)3
= 0 ⇒ x(x2 − 3) = 0

x3 = 0, x4 =
√

3, x5 = −
√

3

∩

−
√

3

in. ∪

0

∩
√

3

in. ∪

Testujeme x = −2.

y′′(−2) = 2
−2(4 − 3)

kladná hodnota
< 0.
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y =
x

1 + x2
D( f ) = R; lichá;

−

0

+

y′ =
1 − x2

(1 + x2)2
, x1,2 = ±1

↘

−1

min↗

1

MAX↘

y′′ = 2
x(x2 − 3)

(1 + x2)3
⇒ 2

x(x2 − 3)

(1 + x2)3
= 0 ⇒ x(x2 − 3) = 0

x3 = 0, x4 =
√

3, x5 = −
√

3

∩

−
√

3

in. ∪

0

∩
√

3

in. ∪

Testujeme x = −1. Funkce je v tomto bodě konvexnı́, protože je zde
lokálnı́ minimum.



c©Robert Mařı́k, 2004.

y =
x

1 + x2
D( f ) = R; lichá;

−

0

+

y′ =
1 − x2

(1 + x2)2
, x1,2 = ±1

↘

−1

min↗

1

MAX↘

y′′ = 2
x(x2 − 3)

(1 + x2)3
⇒ 2

x(x2 − 3)

(1 + x2)3
= 0 ⇒ x(x2 − 3) = 0

x3 = 0, x4 =
√

3, x5 = −
√

3

∩

−
√

3

in. ∪

0

∩
√

3

in. ∪

V bodě x = −
√

3 je inflexe. Funkčnı́ hodnota je

y(−
√

3) =
−
√

3

1 + 3
≈ −0.43.
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y =
x

1 + x2
D( f ) = R; lichá;

−

0

+

y′ =
1 − x2

(1 + x2)2
, x1,2 = ±1

↘

−1

min↗

1

MAX↘

y′′ = 2
x(x2 − 3)

(1 + x2)3
⇒ 2

x(x2 − 3)

(1 + x2)3
= 0 ⇒ x(x2 − 3) = 0

x3 = 0, x4 =
√

3, x5 = −
√

3

∩

−
√

3

in. ∪

0

∩
√

3

in. ∪

Testujeme x = 1. Funkce je v tomto bodě konkávnı́, protože je zde
lokálnı́ maximum.
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y =
x

1 + x2
D( f ) = R; lichá;

−

0

+

y′ =
1 − x2

(1 + x2)2
, x1,2 = ±1

↘

−1

min↗

1

MAX↘

y′′ = 2
x(x2 − 3)

(1 + x2)3
⇒ 2

x(x2 − 3)

(1 + x2)3
= 0 ⇒ x(x2 − 3) = 0

x3 = 0, x4 =
√

3, x5 = −
√

3

∩

−
√

3

in. ∪

0

∩
√

3

in. ∪

Testujeme x = 2. Dostáváme

y′′(2) = 2
2(4 − 3)

něco kladného
> 0.
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y =
x

1 + x2
D( f ) = R; lichá;

−

0

+

y′ =
1 − x2

(1 + x2)2
, x1,2 = ±1

↘

−1

min↗

1

MAX↘

y′′ = 2
x(x2 − 3)

(1 + x2)3
⇒ 2

x(x2 − 3)

(1 + x2)3
= 0 ⇒ x(x2 − 3) = 0

x3 = 0, x4 =
√

3, x5 = −
√

3

∩

−
√

3

in. ∪

0

∩
√

3

in. ∪

Inflexe v bodě x =
√

3. Funkčnı́ hodnota je

y(
√

3) =

√
3

1 + 3
≈ 0.43.
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−

0

+ ↘

−1

min↗

1

MAX↘ ∩

−
√

3

in. ∪

0

∩
√

3

in. ∪

f (0) = 0

f (±∞) = 0
f (±1) = ±1

2
f (±

√
3) ≈ ±0.433

Vypı́šeme si nejdůležitějšı́ výsledky.
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−

0

+ ↘

−1

min↗

1

MAX↘ ∩

−
√

3

in. ∪

0

∩
√

3

in. ∪

f (0) = 0

f (±∞) = 0
f (±1) = ±1

2
f (±

√
3) ≈ ±0.433

x

y

1

−1

√
3

−
√

3

Zakreslı́me souřadný systém.



c©Robert Mařı́k, 2004.

−

0

+ ↘

−1

min↗

1

MAX↘ ∩

−
√

3

in. ∪

0

∩
√

3

in. ∪

f (0) = 0

f (±∞) = 0
f (±1) = ±1

2
f (±

√
3) ≈ ±0.433

x

y

1

−1

√
3

−
√

3

V bodě x = 0 je průsečı́k s osou x. Funkčnı́ hodnoty se v tomto bodě
měnı́ z kladných na záporné.
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−

0

+ ↘

−1

min↗

1

MAX↘ ∩

−
√

3

in. ∪

0

∩
√

3

in. ∪

f (0) = 0

f (±∞) = 0
f (±1) = ±1

2
f (±

√
3) ≈ ±0.433

x

y

1

−1

√
3

−
√

3

Zachytı́me informaci o vodorovné tečně v ±∞. Dáváme si pozor na
znaménko funkce, musı́me graf správně nakreslit nad nebo pod
asymptotu.
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−

0

+ ↘

−1

min↗

1

MAX↘ ∩

−
√

3

in. ∪

0

∩
√

3

in. ∪

f (0) = 0

f (±∞) = 0
f (±1) = ±1

2
f (±

√
3) ≈ ±0.433

x

y

1

−1

√
3

−
√

3
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−

0

+ ↘

−1

min↗

1

MAX↘ ∩

−
√

3

in. ∪

0

∩
√

3

in. ∪

f (0) = 0

f (±∞) = 0
f (±1) = ±1

2
f (±

√
3) ≈ ±0.433

x

y

1

−1

√
3

−
√

3



Vyšetřete chovánı́ funkce y =
3x + 1

x3
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y =
3x + 1

x3
D( f ) = R \ {0} ;

y = 0
3x + 1

x3
= 0

3x + 1 = 0

x = −1

3

+

− 1
3

−
◦
0

+

lim
x→0+

3x + 1

x3
=

1

+0
= ∞

lim
x→0−

3x + 1

x3
=

1

−0
= −∞

lim
x→±∞

3x + 1

x3
= lim

x→±∞

3

x2
=

3

∞

= 0
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y =
3x + 1

x3
D( f ) = R \ {0} ;

y = 0
3x + 1

x3
= 0

3x + 1 = 0

x = −1

3

+

− 1
3

−
◦
0

+

lim
x→0+

3x + 1

x3
=

1

+0
= ∞

lim
x→0−

3x + 1

x3
=

1

−0
= −∞

lim
x→±∞

3x + 1

x3
= lim

x→±∞

3

x2
=

3

∞

= 0

• Určı́me definičnı́ obor.

• Ve jmenovateli nesmı́ být nula.



c©Robert Mařı́k, 2004.

y =
3x + 1

x3
D( f ) = R \ {0} ;

y = 0
3x + 1

x3
= 0

3x + 1 = 0

x = −1

3

+

− 1
3

−
◦
0

+

lim
x→0+

3x + 1

x3
=

1

+0
= ∞

lim
x→0−

3x + 1

x3
=

1

−0
= −∞

lim
x→±∞

3x + 1

x3
= lim

x→±∞

3

x2
=

3

∞

= 0
Určı́me průsečı́k s osou x jako řešenı́ rovnice y = 0.



c©Robert Mařı́k, 2004.

y =
3x + 1

x3
D( f ) = R \ {0} ;

y = 0
3x + 1

x3
= 0

3x + 1 = 0

x = −1

3

+

− 1
3

−
◦
0

+

lim
x→0+

3x + 1

x3
=

1

+0
= ∞

lim
x→0−

3x + 1

x3
=

1

−0
= −∞

lim
x→±∞

3x + 1

x3
= lim

x→±∞

3

x2
=

3

∞

= 0
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y =
3x + 1

x3
D( f ) = R \ {0} ;

y = 0
3x + 1

x3
= 0

3x + 1 = 0

x = −1

3

+

− 1
3

−
◦
0

+

lim
x→0+

3x + 1

x3
=

1

+0
= ∞

lim
x→0−

3x + 1

x3
=

1

−0
= −∞

lim
x→±∞

3x + 1

x3
= lim

x→±∞

3

x2
=

3

∞

= 0
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y =
3x + 1

x3
D( f ) = R \ {0} ;

y = 0
3x + 1

x3
= 0

3x + 1 = 0

x = −1

3

+

− 1
3

−
◦
0

+

lim
x→0+

3x + 1

x3
=

1

+0
= ∞

lim
x→0−

3x + 1

x3
=

1

−0
= −∞

lim
x→±∞

3x + 1

x3
= lim

x→±∞

3

x2
=

3

∞

= 0

Funkce má s osou x jediný průsečı́k x = −1

3
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y =
3x + 1

x3
D( f ) = R \ {0} ;

+

− 1
3

−
◦
0

+

lim
x→0+

3x + 1

x3
=

1

+0
= ∞

lim
x→0−

3x + 1

x3
=

1

−0
= −∞

lim
x→±∞

3x + 1

x3
= lim

x→±∞

3

x2
=

3

∞

= 0

+

− 1
3

−
◦
0

+

y′ =
3x3 − (3x + 1)3x2

(x3)2
=

3x2
(

x − (3x + 1)
)

x6

• Určı́me znaménka funkce.

• Rozdělı́me osu x pomocı́ průsečı́ků a bodů nespojitosti na podintervaly,
kde se znaménko zachovává.
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y =
3x + 1

x3
D( f ) = R \ {0} ;

+

− 1
3

−
◦
0

+

lim
x→0+

3x + 1

x3
=

1

+0
= ∞

lim
x→0−

3x + 1

x3
=

1

−0
= −∞

lim
x→±∞

3x + 1

x3
= lim

x→±∞

3

x2
=

3

∞

= 0

+

− 1
3

−
◦
0

+

y′ =
3x3 − (3x + 1)3x2

(x3)2
=

3x2
(

x − (3x + 1)
)

x6

Uvažujme interval zcela vlevo. Zvolme x = −1 a vypočteme

y(−1) =
−3 + 1

−1
= 2 > 0.
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y =
3x + 1

x3
D( f ) = R \ {0} ;

+

− 1
3

−
◦
0

+

lim
x→0+

3x + 1

x3
=

1

+0
= ∞

lim
x→0−

3x + 1

x3
=

1

−0
= −∞

lim
x→±∞

3x + 1

x3
= lim

x→±∞

3

x2
=

3

∞

= 0

+

− 1
3

−
◦
0

+

y′ =
3x3 − (3x + 1)3x2

(x3)2
=

3x2
(

x − (3x + 1)
)

x6

Uvažujme prostřednı́ interval, zvolme x = −1

4
a vypočteme

y(−1

4
) =

− 3
4

+ 1

− 1
64

=
1
4

− 1
64

= −16 < 0.
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y =
3x + 1

x3
D( f ) = R \ {0} ;

+

− 1
3

−
◦
0

+

lim
x→0+

3x + 1

x3
=

1

+0
= ∞

lim
x→0−

3x + 1

x3
=

1

−0
= −∞

lim
x→±∞

3x + 1

x3
= lim

x→±∞

3

x2
=

3

∞

= 0

+

− 1
3

−
◦
0

+

y′ =
3x3 − (3x + 1)3x2

(x3)2
=

3x2
(

x − (3x + 1)
)

x6

V poslednı́m intervalu zvolme x = 1 a vypočteme

y(1) =
3 + 1

1
= 4 > 0.
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y =
3x + 1

x3
D( f ) = R \ {0} ;

+

− 1
3

−
◦
0

+

lim
x→0+

3x + 1

x3
=

1

+0
= ∞

lim
x→0−

3x + 1

x3
=

1

−0
= −∞

lim
x→±∞

3x + 1

x3
= lim

x→±∞

3

x2
=

3

∞

= 0

+

− 1
3

−
◦
0

+

y′ =
3x3 − (3x + 1)3x2

(x3)2
=

3x2
(

x − (3x + 1)
)

x6

Najdeme jednostranné limity v bodech nespojitosti.
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y =
3x + 1

x3
D( f ) = R \ {0} ;

+

− 1
3

−
◦
0

+

lim
x→0+

3x + 1

x3
=

1

+0
= ∞

lim
x→0−

3x + 1

x3
=

1

−0
= −∞

lim
x→±∞

3x + 1

x3
= lim

x→±∞

3

x2
=

3

∞

= 0

+

− 1
3

−
◦
0

+

y′ =
3x3 − (3x + 1)3x2

(x3)2
=

3x2
(

x − (3x + 1)
)

x6

Dosazenı́ x = 0 vede k výrazu typu
nenulový výraz

nula
.
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y =
3x + 1

x3
D( f ) = R \ {0} ;

+

− 1
3

−
◦
0

+

lim
x→0+

3x + 1

x3
=

1

+0
= ∞

lim
x→0−

3x + 1

x3
=

1

−0
= −∞

lim
x→±∞

3x + 1

x3
= lim

x→±∞

3

x2
=

3

∞

= 0

+

− 1
3

−
◦
0

+

y′ =
3x3 − (3x + 1)3x2

(x3)2
=

3x2
(

x − (3x + 1)
)

x6

• Z přednášky vı́me, že jednostranné limity jsou nevlastnı́.

• Schéma se znaménkem funkce umožňuje odhalit, zda se funkce blı́žı́ k
plus nebo minus nekonečnu.
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y =
3x + 1

x3
D( f ) = R \ {0} ;

+

− 1
3

−
◦
0

+

lim
x→0+

3x + 1

x3
=

1

+0
= ∞

lim
x→0−

3x + 1

x3
=

1

−0
= −∞

lim
x→±∞

3x + 1

x3
= lim

x→±∞

3

x2
=

3

∞

= 0

+

− 1
3

−
◦
0

+

y′ =
3x3 − (3x + 1)3x2

(x3)2
=

3x2
(

x − (3x + 1)
)

x6

Určı́me limity v nevlastnı́ch bodech.



c©Robert Mařı́k, 2004.

y =
3x + 1

x3
D( f ) = R \ {0} ;

+

− 1
3

−
◦
0

+

lim
x→0+

3x + 1

x3
=

1

+0
= ∞

lim
x→0−

3x + 1

x3
=

1

−0
= −∞

lim
x→±∞

3x + 1

x3
= lim

x→±∞

3

x2
=

3

∞

= 0

+

− 1
3

−
◦
0

+

y′ =
3x3 − (3x + 1)3x2

(x3)2
=

3x2
(

x − (3x + 1)
)

x6

Vı́me, že pouze vedoucı́ členy jsou podstatné v limitě tohoto typu a
ostatnı́ členy můžeme vynechat.
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y =
3x + 1

x3
D( f ) = R \ {0} ;

+

− 1
3

−
◦
0

+

lim
x→0+

3x + 1

x3
=

1

+0
= ∞

lim
x→0−

3x + 1

x3
=

1

−0
= −∞

lim
x→±∞

3x + 1

x3
= lim

x→±∞

3

x2
=

3

∞

= 0

+

− 1
3

−
◦
0

+

y′ =
3x3 − (3x + 1)3x2

(x3)2
=

3x2
(

x − (3x + 1)
)

x6

Zkrátı́me x.
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y =
3x + 1

x3
D( f ) = R \ {0} ;

+

− 1
3

−
◦
0

+

lim
x→0+

3x + 1

x3
=

1

+0
= ∞

lim
x→0−

3x + 1

x3
=

1

−0
= −∞

lim
x→±∞

3x + 1

x3
= lim

x→±∞

3

x2
=

3

∞

= 0

+

− 1
3

−
◦
0

+

y′ =
3x3 − (3x + 1)3x2

(x3)2
=

3x2
(

x − (3x + 1)
)

x6

Dosadı́me.
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y =
3x + 1

x3
D( f ) = R \ {0} ;

+

− 1
3

−
◦
0

+

lim
x→0+

3x + 1

x3
=

1

+0
= ∞

lim
x→0−

3x + 1

x3
=

1

−0
= −∞

lim
x→±∞

3x + 1

x3
= lim

x→±∞

3

x2
=

3

∞

= 0

+

− 1
3

−
◦
0

+

y′ =
3x3 − (3x + 1)3x2

(x3)2
=

3x2
(

x − (3x + 1)
)

x6

Limita ja vypočtena.
Funkce má vodorovnou asymptotu y = 0 v ±∞.
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y =
3x + 1

x3
D( f ) = R \ {0} ;

+

− 1
3

−
◦
0

+

y′ =
3x3 − (3x + 1)3x2

(x3)2
=

3x2
(

x − (3x + 1)
)

x6

= 3
x − 3x − 1

x4
= 3

−2x − 1

x4
= −3

2x + 1

x4

y′(x) = −3
2x + 1

x4
; x1 = −1

2

↗

− 1
2

MAX ↘
◦
0

↘

↗

− 1
2

MAX↘
◦
0

↘

(

2x + 1
)′

2x4 − (2x + 1)4x3
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y =
3x + 1

x3
D( f ) = R \ {0} ;

+

− 1
3

−
◦
0

+

y′ =
3x3 − (3x + 1)3x2

(x3)2
=

3x2
(

x − (3x + 1)
)

x6

= 3
x − 3x − 1

x4
= 3

−2x − 1

x4
= −3

2x + 1

x4

y′(x) = −3
2x + 1

x4
; x1 = −1

2

↗

− 1
2

MAX ↘
◦
0

↘

↗

− 1
2

MAX↘
◦
0

↘

(

2x + 1
)′

2x4 − (2x + 1)4x3

Derivujeme podı́l.
(u

v

)′
=

u′v − uv′

v2
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y =
3x + 1

x3
D( f ) = R \ {0} ;

+

− 1
3

−
◦
0

+

y′ =
3x3 − (3x + 1)3x2

(x3)2
=

3x2
(

x − (3x + 1)
)

x6

= 3
x − 3x − 1

x4
= 3

−2x − 1

x4
= −3

2x + 1

x4

y′(x) = −3
2x + 1

x4
; x1 = −1

2

↗

− 1
2

MAX ↘
◦
0

↘

↗

− 1
2

MAX↘
◦
0

↘

(

2x + 1
)′

2x4 − (2x + 1)4x3

Vytknutı́m rozložı́me na součin.
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y =
3x + 1

x3
D( f ) = R \ {0} ;

+

− 1
3

−
◦
0

+

y′ =
3x3 − (3x + 1)3x2

(x3)2
=

3x2
(

x − (3x + 1)
)

x6

= 3
x − 3x − 1

x4
= 3

−2x − 1

x4
= −3

2x + 1

x4

y′(x) = −3
2x + 1

x4
; x1 = −1

2

↗

− 1
2

MAX ↘
◦
0

↘

↗

− 1
2

MAX↘
◦
0

↘

(

2x + 1
)′

2x4 − (2x + 1)4x3

• Zkrátı́me.

• Roznásobı́me závorku.
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y =
3x + 1

x3
D( f ) = R \ {0} ;

+

− 1
3

−
◦
0

+

y′ =
3x3 − (3x + 1)3x2

(x3)2
=

3x2
(

x − (3x + 1)
)

x6

= 3
x − 3x − 1

x4
= 3

−2x − 1

x4
= −3

2x + 1

x4

y′(x) = −3
2x + 1

x4
; x1 = −1

2

↗

− 1
2

MAX ↘
◦
0

↘

↗

− 1
2

MAX↘
◦
0

↘

(

2x + 1
)′

2x4 − (2x + 1)4x3

Zjednodušı́me.
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y =
3x + 1

x3
D( f ) = R \ {0} ;

+

− 1
3

−
◦
0

+

y′ =
3x3 − (3x + 1)3x2

(x3)2
=

3x2
(

x − (3x + 1)
)

x6

= 3
x − 3x − 1

x4
= 3

−2x − 1

x4
= −3

2x + 1

x4

y′(x) = −3
2x + 1

x4
; x1 = −1

2

↗

− 1
2

MAX ↘
◦
0

↘

↗

− 1
2

MAX↘
◦
0

↘

(

2x + 1
)′

2x4 − (2x + 1)4x3

Máme derivaci.
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y =
3x + 1

x3
D( f ) = R \ {0} ;

+

− 1
3

−
◦
0

+

y′(x) = −3
2x + 1

x4
; x1 = −1

2

↗

− 1
2

MAX ↘
◦
0

↘

↗

− 1
2

MAX↘
◦
0

↘

y′′ = −3

(

2x + 1

x4

)′
= −3

2x4 − (2x + 1)4x3

(x4)2

= −3
2x4 − 8x4 − 4x3

x8
= −3

−6x4 − 4x3

x8

= 6
3x4 + 2x3

x8
= 6

(3x + 2)x3

x8

3x + 2

Máme derivaci.
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y =
3x + 1

x3
D( f ) = R \ {0} ;

+

− 1
3

−
◦
0

+

y′(x) = −3
2x + 1

x4
; x1 = −1

2

↗

− 1
2

MAX ↘
◦
0

↘

↗

− 1
2

MAX↘
◦
0

↘

y′′ = −3

(

2x + 1

x4

)′
= −3

2x4 − (2x + 1)4x3

(x4)2

= −3
2x4 − 8x4 − 4x3

x8
= −3

−6x4 − 4x3

x8

= 6
3x4 + 2x3

x8
= 6

(3x + 2)x3

x8

3x + 2

Rovnice y′ = 0 je ekvivalentnı́ rovnici 2x + 1 = 0.



c©Robert Mařı́k, 2004.

y =
3x + 1

x3
D( f ) = R \ {0} ;

+

− 1
3

−
◦
0

+

y′(x) = −3
2x + 1

x4
; x1 = −1

2

↗

− 1
2

MAX ↘
◦
0

↘

↗

− 1
2

MAX↘
◦
0

↘

y′′ = −3

(

2x + 1

x4

)′
= −3

2x4 − (2x + 1)4x3

(x4)2

= −3
2x4 − 8x4 − 4x3

x8
= −3

−6x4 − 4x3

x8

= 6
3x4 + 2x3

x8
= 6

(3x + 2)x3

x8

3x + 2

Vyznačı́me stacionárnı́ bod a bod nespojitosti na osu x.
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y =
3x + 1

x3
D( f ) = R \ {0} ;

+

− 1
3

−
◦
0

+

y′(x) = −3
2x + 1

x4
; x1 = −1

2

↗

− 1
2

MAX ↘
◦
0

↘

↗

− 1
2

MAX↘
◦
0

↘

y′′ = −3

(

2x + 1

x4

)′
= −3

2x4 − (2x + 1)4x3

(x4)2

= −3
2x4 − 8x4 − 4x3

x8
= −3

−6x4 − 4x3

x8

= 6
3x4 + 2x3

x8
= 6

(3x + 2)x3

x8

3x + 2

y′(−1) = −3
−2 + 1

1
= 3 > 0
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y =
3x + 1

x3
D( f ) = R \ {0} ;

+

− 1
3

−
◦
0

+

y′(x) = −3
2x + 1

x4
; x1 = −1

2

↗

− 1
2

MAX ↘
◦
0

↘

↗

− 1
2

MAX↘
◦
0

↘

y′′ = −3

(

2x + 1

x4

)′
= −3

2x4 − (2x + 1)4x3

(x4)2

= −3
2x4 − 8x4 − 4x3

x8
= −3

−6x4 − 4x3

x8

= 6
3x4 + 2x3

x8
= 6

(3x + 2)x3

x8

3x + 2

y′(−1

3
) < 0, protože funkce měnı́ znaménko z kladného na záporné.
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y =
3x + 1

x3
D( f ) = R \ {0} ;

+

− 1
3

−
◦
0

+

y′(x) = −3
2x + 1

x4
; x1 = −1

2

↗

− 1
2

MAX ↘
◦
0

↘

↗

− 1
2

MAX↘
◦
0

↘

y′′ = −3

(

2x + 1

x4

)′
= −3

2x4 − (2x + 1)4x3

(x4)2

= −3
2x4 − 8x4 − 4x3

x8
= −3

−6x4 − 4x3

x8

= 6
3x4 + 2x3

x8
= 6

(3x + 2)x3

x8

3x + 2

Funkce má lokálnı́ minimum v bodě x = −1

2
. Funkčnı́ hodnota je

y(−1

2
) =

− 3
2

+ 1

− 1
8

=
− 1

2

− 1
8

= 4.
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y =
3x + 1

x3
D( f ) = R \ {0} ;

+

− 1
3

−
◦
0

+

y′(x) = −3
2x + 1

x4
; x1 = −1

2

↗

− 1
2

MAX ↘
◦
0

↘

↗

− 1
2

MAX↘
◦
0

↘

y′′ = −3

(

2x + 1

x4

)′
= −3

2x4 − (2x + 1)4x3

(x4)2

= −3
2x4 − 8x4 − 4x3

x8
= −3

−6x4 − 4x3

x8

= 6
3x4 + 2x3

x8
= 6

(3x + 2)x3

x8

3x + 2

y′(1) = −3
3

1
= −9 > 0
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y =
3x + 1

x3
D( f ) = R \ {0} ;

+

− 1
3

−
◦
0

+

y′(x) = −3
2x + 1

x4
;

↗

− 1
2

MAX↘
◦
0

↘

y′′ = −3

(

2x + 1

x4

)′
= −3

2x4 − (2x + 1)4x3

(x4)2

= −3
2x4 − 8x4 − 4x3

x8
= −3

−6x4 − 4x3

x8

= 6
3x4 + 2x3

x8
= 6

(3x + 2)x3

x8

= 6
3x + 2

x5

y′′ = 6
3x + 2

x5
; x2 = −2

3

∪ in. ∩ ◦ ∪
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y =
3x + 1

x3
D( f ) = R \ {0} ;

+

− 1
3

−
◦
0

+

y′(x) = −3
2x + 1

x4
;

↗

− 1
2

MAX↘
◦
0

↘

y′′ = −3

(

2x + 1

x4

)′
= −3

2x4 − (2x + 1)4x3

(x4)2

= −3
2x4 − 8x4 − 4x3

x8
= −3

−6x4 − 4x3

x8

= 6
3x4 + 2x3

x8
= 6

(3x + 2)x3

x8

= 6
3x + 2

x5

y′′ = 6
3x + 2

x5
; x2 = −2

3

∪ in. ∩ ◦ ∪
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y =
3x + 1

x3
D( f ) = R \ {0} ;

+

− 1
3

−
◦
0

+

y′(x) = −3
2x + 1

x4
;

↗

− 1
2

MAX↘
◦
0

↘

y′′ = −3

(

2x + 1

x4

)′
= −3

2x4 − (2x + 1)4x3

(x4)2

= −3
2x4 − 8x4 − 4x3

x8
= −3

−6x4 − 4x3

x8

= 6
3x4 + 2x3

x8
= 6

(3x + 2)x3

x8

= 6
3x + 2

x5

y′′ = 6
3x + 2

x5
; x2 = −2

3

∪ in. ∩ ◦ ∪



c©Robert Mařı́k, 2004.

y =
3x + 1

x3
D( f ) = R \ {0} ;

+

− 1
3

−
◦
0

+

y′(x) = −3
2x + 1

x4
;

↗

− 1
2

MAX↘
◦
0

↘

y′′ = −3

(

2x + 1

x4

)′
= −3

2x4 − (2x + 1)4x3

(x4)2

= −3
2x4 − 8x4 − 4x3

x8
= −3

−6x4 − 4x3

x8

= 6
3x4 + 2x3

x8
= 6

(3x + 2)x3

x8

= 6
3x + 2

x5

y′′ = 6
3x + 2

x5
; x2 = −2

3

∪ in. ∩ ◦ ∪
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y =
3x + 1

x3
D( f ) = R \ {0} ;

+

− 1
3

−
◦
0

+

y′(x) = −3
2x + 1

x4
;

↗

− 1
2

MAX↘
◦
0

↘

y′′ = −3

(

2x + 1

x4

)′
= −3

2x4 − (2x + 1)4x3

(x4)2

= −3
2x4 − 8x4 − 4x3

x8
= −3

−6x4 − 4x3

x8

= 6
3x4 + 2x3

x8
= 6

(3x + 2)x3

x8

= 6
3x + 2

x5

y′′ = 6
3x + 2

x5
; x2 = −2

3

∪ in. ∩ ◦ ∪
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y =
3x + 1

x3
D( f ) = R \ {0} ;

+

− 1
3

−
◦
0

+

y′(x) = −3
2x + 1

x4
;

↗

− 1
2

MAX↘
◦
0

↘

y′′ = −3

(

2x + 1

x4

)′
= −3

2x4 − (2x + 1)4x3

(x4)2

= −3
2x4 − 8x4 − 4x3

x8
= −3

−6x4 − 4x3

x8

= 6
3x4 + 2x3

x8
= 6

(3x + 2)x3

x8

= 6
3x + 2

x5

y′′ = 6
3x + 2

x5
; x2 = −2

3

∪ in. ∩ ◦ ∪
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y =
3x + 1

x3
D( f ) = R \ {0} ;

+

− 1
3

−
◦
0

+

y′(x) = −3
2x + 1

x4
;

↗

− 1
2

MAX↘
◦
0

↘

y′′ = −3

(

2x + 1

x4

)′
= −3

2x4 − (2x + 1)4x3

(x4)2

= −3
2x4 − 8x4 − 4x3

x8
= −3

−6x4 − 4x3

x8

= 6
3x4 + 2x3

x8
= 6

(3x + 2)x3

x8

= 6
3x + 2

x5

y′′ = 6
3x + 2

x5
; x2 = −2

3

∪ in. ∩ ◦ ∪
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y =
3x + 1

x3
D( f ) = R \ {0} ;

+

− 1
3

−
◦
0

+

y′(x) = −3
2x + 1

x4
;

↗

− 1
2

MAX↘
◦
0

↘

y′′ = 6
3x + 2

x5
; x2 = −2

3

∪

− 2
3

in. ∩ ◦
0

∪
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y =
3x + 1

x3
D( f ) = R \ {0} ;

+

− 1
3

−
◦
0

+

y′(x) = −3
2x + 1

x4
;

↗

− 1
2

MAX↘
◦
0

↘

y′′ = 6
3x + 2

x5
; x2 = −2

3

∪

− 2
3

in. ∩ ◦
0

∪

y′′ = 0 pro 3x + 2 = 0, t.j. x = −2

3
.



c©Robert Mařı́k, 2004.

y =
3x + 1

x3
D( f ) = R \ {0} ;

+

− 1
3

−
◦
0

+

y′(x) = −3
2x + 1

x4
;

↗

− 1
2

MAX↘
◦
0

↘

y′′ = 6
3x + 2

x5
; x2 = −2

3

∪

− 2
3

in. ∩ ◦
0

∪
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y =
3x + 1

x3
D( f ) = R \ {0} ;

+

− 1
3

−
◦
0

+

y′(x) = −3
2x + 1

x4
;

↗

− 1
2

MAX↘
◦
0

↘

y′′ = 6
3x + 2

x5
; x2 = −2

3

∪

− 2
3

in. ∩ ◦
0

∪

y′′(−1) = 6
−1

−1
= 6 > 0



c©Robert Mařı́k, 2004.

y =
3x + 1

x3
D( f ) = R \ {0} ;

+

− 1
3

−
◦
0

+

y′(x) = −3
2x + 1

x4
;

↗

− 1
2

MAX↘
◦
0

↘

y′′ = 6
3x + 2

x5
; x2 = −2

3

∪

− 2
3

in. ∩ ◦
0

∪

y′′(−1

3
) = 6

−1 + 2

− 1

35

< 0



c©Robert Mařı́k, 2004.

y =
3x + 1

x3
D( f ) = R \ {0} ;

+

− 1
3

−
◦
0

+

y′(x) = −3
2x + 1

x4
;

↗

− 1
2

MAX↘
◦
0

↘

y′′ = 6
3x + 2

x5
; x2 = −2

3

∪

− 2
3

in. ∩ ◦
0

∪

Inflexnı́ bod x = −2

3
. y(−2

3
) =

−2 + 1

− 25

35

≈ 3.375



c©Robert Mařı́k, 2004.

y =
3x + 1

x3
D( f ) = R \ {0} ;

+

− 1
3

−
◦
0

+

y′(x) = −3
2x + 1

x4
;

↗

− 1
2

MAX↘
◦
0

↘

y′′ = 6
3x + 2

x5
; x2 = −2

3

∪

− 2
3

in. ∩ ◦
0

∪

y′′(1) = 6
5

1
= 30 > 0
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+

− 1
3

−
◦
0

+ ↗

− 1
2

MAX↘
◦
0

↘ ∪

− 2
3

in. ∩ ◦
0

∪

f (− 1

3
) = 0

f (− 1

2
) = 4

f (− 2

3
) ≈ 3.4

f (±∞) = 0,

f (0+) = ∞,

f (0−) = −∞

Shrneme dosažené výsledky.
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+

− 1
3

−
◦
0

+ ↗

− 1
2

MAX↘
◦
0

↘ ∪

− 2
3

in. ∩ ◦
0

∪

f (− 1

3
) = 0

f (− 1

2
) = 4

f (− 2

3
) ≈ 3.4

f (±∞) = 0,

f (0+) = ∞,

f (0−) = −∞

x

y

− 2
3

− 1
3− 1

2
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+

− 1
3

−
◦
0

+ ↗

− 1
2

MAX↘
◦
0

↘ ∪

− 2
3

in. ∩ ◦
0

∪

f (− 1

3
) = 0

f (− 1

2
) = 4

f (− 2

3
) ≈ 3.4

f (±∞) = 0,

f (0+) = ∞,

f (0−) = −∞

x

y

− 2
3

− 1
3− 1

2
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+

− 1
3

−
◦
0

+ ↗

− 1
2

MAX↘
◦
0

↘ ∪

− 2
3

in. ∩ ◦
0

∪

f (− 1

3
) = 0

f (− 1

2
) = 4

f (− 2

3
) ≈ 3.4

f (±∞) = 0,

f (0+) = ∞,

f (0−) = −∞

x

y

− 2
3

− 1
3− 1

2
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+

− 1
3

−
◦
0

+ ↗

− 1
2

MAX↘
◦
0

↘ ∪

− 2
3

in. ∩ ◦
0

∪

f (− 1

3
) = 0

f (− 1

2
) = 4

f (− 2

3
) ≈ 3.4

f (±∞) = 0,

f (0+) = ∞,

f (0−) = −∞

x

y

− 2
3

− 1
3− 1

2
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+

− 1
3

−
◦
0

+ ↗

− 1
2

MAX↘
◦
0

↘ ∪

− 2
3

in. ∩ ◦
0

∪

f (− 1

3
) = 0

f (− 1

2
) = 4

f (− 2

3
) ≈ 3.4

f (±∞) = 0,

f (0+) = ∞,

f (0−) = −∞

x

y

− 2
3

− 1
3− 1

2



c©Robert Mařı́k, 2004.

+

− 1
3

−
◦
0

+ ↗

− 1
2

MAX↘
◦
0

↘ ∪

− 2
3

in. ∩ ◦
0

∪

f (− 1

3
) = 0

f (− 1

2
) = 4

f (− 2

3
) ≈ 3.4

f (±∞) = 0,

f (0+) = ∞,

f (0−) = −∞

x

y

− 2
3

− 1
3− 1

2



Vyšetřete chovánı́ funkce y =
2(x2 − x + 1)

(x − 1)2



c©Robert Mařı́k, 2004.

y =
2(x2 − x + 1)

(x − 1)2
D( f ) = R \ {1}, y(0) = 2, nenı́ průsečı́k s osou x

y(0) =
2(0− 0 + 1)

(0 − 1)2
= 2

2(x2 − x + 1)

(x − 1)2
= 0

x2 − x + 1 = 0

+
◦
1

+

lim
x→1+

2(x2 − x + 1)

(x − 1)2
=

2

+0
= +∞

lim
x→1−

2(x2 − x + 1)

(x − 1)2
=

2

+0
= +∞
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y =
2(x2 − x + 1)

(x − 1)2
D( f ) = R \ {1}, y(0) = 2, nenı́ průsečı́k s osou x

y(0) =
2(0− 0 + 1)

(0 − 1)2
= 2

2(x2 − x + 1)

(x − 1)2
= 0

x2 − x + 1 = 0

+
◦
1

+

lim
x→1+

2(x2 − x + 1)

(x − 1)2
=

2

+0
= +∞

lim
x→1−

2(x2 − x + 1)

(x − 1)2
=

2

+0
= +∞

Určı́me definičnı́ obor z podmı́nky

x − 1 6= 0.

Platı́
x 6= 1.
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y =
2(x2 − x + 1)

(x − 1)2
D( f ) = R \ {1}, y(0) = 2, nenı́ průsečı́k s osou x

y(0) =
2(0− 0 + 1)

(0 − 1)2
= 2

2(x2 − x + 1)

(x − 1)2
= 0

x2 − x + 1 = 0

+
◦
1

+

lim
x→1+

2(x2 − x + 1)

(x − 1)2
=

2

+0
= +∞

lim
x→1−

2(x2 − x + 1)

(x − 1)2
=

2

+0
= +∞

• Určı́me průsečı́k s osou y.

• Dosadı́me x = 0 a hledáme y(0).
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y =
2(x2 − x + 1)

(x − 1)2
D( f ) = R \ {1}, y(0) = 2, nenı́ průsečı́k s osou x

2(x2 − x + 1)

(x − 1)2
= 0

x2 − x + 1 = 0

+
◦
1

+

lim
x→1+

2(x2 − x + 1)

(x − 1)2
=

2

+0
= +∞

lim
x→1−

2(x2 − x + 1)

(x − 1)2
=

2

+0
= +∞

lim
x→±∞

2(x2 − x + 1)

(x − 1)2
= lim

x→±∞

2x2

x2
= lim

x→±∞

2

1
= 2

• Určı́me průsečı́k s osou x.

• Dosadı́me y = 0 a řešı́me rovnici
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y =
2(x2 − x + 1)

(x − 1)2
D( f ) = R \ {1}, y(0) = 2, nenı́ průsečı́k s osou x

2(x2 − x + 1)

(x − 1)2
= 0

x2 − x + 1 = 0

+
◦
1

+

lim
x→1+

2(x2 − x + 1)

(x − 1)2
=

2

+0
= +∞

lim
x→1−

2(x2 − x + 1)

(x − 1)2
=

2

+0
= +∞

lim
x→±∞

2(x2 − x + 1)

(x − 1)2
= lim

x→±∞

2x2

x2
= lim

x→±∞

2

1
= 2

Čitatel musı́ být nula.



c©Robert Mařı́k, 2004.

y =
2(x2 − x + 1)

(x − 1)2
D( f ) = R \ {1}, y(0) = 2, nenı́ průsečı́k s osou x

2(x2 − x + 1)

(x − 1)2
= 0

x2 − x + 1 = 0

+
◦
1

+

lim
x→1+

2(x2 − x + 1)

(x − 1)2
=

2

+0
= +∞

lim
x→1−

2(x2 − x + 1)

(x − 1)2
=

2

+0
= +∞

lim
x→±∞

2(x2 − x + 1)

(x − 1)2
= lim

x→±∞

2x2

x2
= lim

x→±∞

2

1
= 2

Tato kvadratická rovnice nemá řešenı́, protože ze vzorce

x1,2 =
−b ±

√
b2 − 4ac

2a

Obdržı́me záporný diskriminant.

D = b2 − 4ac = 2 − 4.1.1 = −2 < 0
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y =
2(x2 − x + 1)

(x − 1)2
D( f ) = R \ {1}, y(0) = 2, nenı́ průsečı́k s osou x

+
◦
1

+

lim
x→1+

2(x2 − x + 1)

(x − 1)2
=

2

+0
= +∞

lim
x→1−

2(x2 − x + 1)

(x − 1)2
=

2

+0
= +∞

lim
x→±∞

2(x2 − x + 1)

(x − 1)2
= lim

x→±∞

2x2

x2
= lim

x→±∞

2

1
= 2

y′ = 2

(

x2 − x + 1

(x − 1)2

)′

= 2
(2x − 1)(x − 1)2 − (x2 − x + 1)2(x − 1)(1 − 0)

Nakreslı́me osu x a bod nespojitosti x = 1.
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y =
2(x2 − x + 1)

(x − 1)2
D( f ) = R \ {1}, y(0) = 2, nenı́ průsečı́k s osou x

+
◦
1

+

lim
x→1+

2(x2 − x + 1)

(x − 1)2
=

2

+0
= +∞

lim
x→1−

2(x2 − x + 1)

(x − 1)2
=

2

+0
= +∞

lim
x→±∞

2(x2 − x + 1)

(x − 1)2
= lim

x→±∞

2x2

x2
= lim

x→±∞

2

1
= 2

y′ = 2

(

x2 − x + 1

(x − 1)2

)′

= 2
(2x − 1)(x − 1)2 − (x2 − x + 1)2(x − 1)(1 − 0)

Vı́me, že y(0) = 2 > 0. Funkce je kladná na (−∞, 1).
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y =
2(x2 − x + 1)

(x − 1)2
D( f ) = R \ {1}, y(0) = 2, nenı́ průsečı́k s osou x

+
◦
1

+

lim
x→1+

2(x2 − x + 1)

(x − 1)2
=

2

+0
= +∞

lim
x→1−

2(x2 − x + 1)

(x − 1)2
=

2

+0
= +∞

lim
x→±∞

2(x2 − x + 1)

(x − 1)2
= lim

x→±∞

2x2

x2
= lim

x→±∞

2

1
= 2

y′ = 2

(

x2 − x + 1

(x − 1)2

)′

= 2
(2x − 1)(x − 1)2 − (x2 − x + 1)2(x − 1)(1 − 0)

Vypočteme y(2) =
2(4 − 2 + 1)

(2 − 1)2
> 0. Funkce je kladná na (1, ∞).
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y =
2(x2 − x + 1)

(x − 1)2
D( f ) = R \ {1}, y(0) = 2, nenı́ průsečı́k s osou x

+
◦
1

+

lim
x→1+

2(x2 − x + 1)

(x − 1)2
=

2

+0
= +∞

lim
x→1−

2(x2 − x + 1)

(x − 1)2
=

2

+0
= +∞

lim
x→±∞

2(x2 − x + 1)

(x − 1)2
= lim

x→±∞

2x2

x2
= lim

x→±∞

2

1
= 2

y′ = 2

(

x2 − x + 1

(x − 1)2

)′

= 2
(2x − 1)(x − 1)2 − (x2 − x + 1)2(x − 1)(1 − 0)

Určı́me jednostranné limity v bodě nespojitosti
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y =
2(x2 − x + 1)

(x − 1)2
D( f ) = R \ {1}, y(0) = 2, nenı́ průsečı́k s osou x

+
◦
1

+

lim
x→1+

2(x2 − x + 1)

(x − 1)2
=

2

+0
= +∞

lim
x→1−

2(x2 − x + 1)

(x − 1)2
=

2

+0
= +∞

lim
x→±∞

2(x2 − x + 1)

(x − 1)2
= lim

x→±∞

2x2

x2
= lim

x→±∞

2

1
= 2

y′ = 2

(

x2 − x + 1

(x − 1)2

)′

= 2
(2x − 1)(x − 1)2 − (x2 − x + 1)2(x − 1)(1 − 0)

Dosadı́me x = 1.



c©Robert Mařı́k, 2004.

y =
2(x2 − x + 1)

(x − 1)2
D( f ) = R \ {1}, y(0) = 2, nenı́ průsečı́k s osou x

+
◦
1

+

lim
x→1+

2(x2 − x + 1)

(x − 1)2
=

2

+0
= +∞

lim
x→1−

2(x2 − x + 1)

(x − 1)2
=

2

+0
= +∞

lim
x→±∞

2(x2 − x + 1)

(x − 1)2
= lim

x→±∞

2x2

x2
= lim

x→±∞

2

1
= 2

y′ = 2

(

x2 − x + 1

(x − 1)2

)′

= 2
(2x − 1)(x − 1)2 − (x2 − x + 1)2(x − 1)(1 − 0)

Odvodı́me výsledek.
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y =
2(x2 − x + 1)

(x − 1)2
D( f ) = R \ {1}, y(0) = 2, nenı́ průsečı́k s osou x

+
◦
1

+

lim
x→1+

2(x2 − x + 1)

(x − 1)2
=

2

+0
= +∞

lim
x→1−

2(x2 − x + 1)

(x − 1)2
=

2

+0
= +∞

lim
x→±∞

2(x2 − x + 1)

(x − 1)2
= lim

x→±∞

2x2

x2
= lim

x→±∞

2

1
= 2

y′ = 2

(

x2 − x + 1

(x − 1)2

)′

= 2
(2x − 1)(x − 1)2 − (x2 − x + 1)2(x − 1)(1 − 0)

Určı́me limity v ±∞.
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y =
2(x2 − x + 1)

(x − 1)2
D( f ) = R \ {1}, y(0) = 2, nenı́ průsečı́k s osou x

+
◦
1

+

lim
x→1+

2(x2 − x + 1)

(x − 1)2
=

2

+0
= +∞

lim
x→1−

2(x2 − x + 1)

(x − 1)2
=

2

+0
= +∞

lim
x→±∞

2(x2 − x + 1)

(x − 1)2
= lim

x→±∞

2x2

x2
= lim

x→±∞

2

1
= 2

y′ = 2

(

x2 − x + 1

(x − 1)2

)′

= 2
(2x − 1)(x − 1)2 − (x2 − x + 1)2(x − 1)(1 − 0)

Uvažujeme jenom vedoucı́ členy.
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y =
2(x2 − x + 1)

(x − 1)2
D( f ) = R \ {1}, y(0) = 2, nenı́ průsečı́k s osou x

+
◦
1

+

lim
x→1+

2(x2 − x + 1)

(x − 1)2
=

2

+0
= +∞

lim
x→1−

2(x2 − x + 1)

(x − 1)2
=

2

+0
= +∞

lim
x→±∞

2(x2 − x + 1)

(x − 1)2
= lim

x→±∞

2x2

x2
= lim

x→±∞

2

1
= 2

y′ = 2

(

x2 − x + 1

(x − 1)2

)′

= 2
(2x − 1)(x − 1)2 − (x2 − x + 1)2(x − 1)(1 − 0)

Funkce má kladnou limitu v ±∞. Vodorovná přı́mka y = 2 je asymptotou
ke grafu v bodech ±∞.
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y =
2(x2 − x + 1)

(x − 1)2
D( f ) = R \ {1}, y(0) = 2, nenı́ průsečı́k s osou x

y′ = 2

(

x2 − x + 1

(x − 1)2

)′

= 2
(2x − 1)(x − 1)2 − (x2 − x + 1)2(x − 1)(1 − 0)

((x − 1)2)2

= 2(x − 1)
(2x − 1)(x − 1) − (x2 − x + 1)2

(x − 1)4

= 2
2x2 − 2x − x + 1 − (2x2 − 2x + 2)

(x − 1)3

= 2
−x − 1

(x − 1)3
= −2

x + 1

(x − 1)3

y′ = −2
x + 1

(x − 1)3
, x1 = −1. . . lok. minimum, y(−1) =

3

2

Vypočteme derivaci
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y =
2(x2 − x + 1)

(x − 1)2
D( f ) = R \ {1}, y(0) = 2, nenı́ průsečı́k s osou x

y′ = 2

(

x2 − x + 1

(x − 1)2

)′

= 2
(2x − 1)(x − 1)2 − (x2 − x + 1)2(x − 1)(1 − 0)

((x − 1)2)2

= 2(x − 1)
(2x − 1)(x − 1) − (x2 − x + 1)2

(x − 1)4

= 2
2x2 − 2x − x + 1 − (2x2 − 2x + 2)

(x − 1)3

= 2
−x − 1

(x − 1)3
= −2

x + 1

(x − 1)3

y′ = −2
x + 1

(x − 1)3
, x1 = −1. . . lok. minimum, y(−1) =

3

2

• Užijeme vzorec pro derivaci podı́lu.

( u

v

)′
=

u′v − uv′

v2
.

• Užijeme vzorec pro derivaci složené funkce při derivovánı́ výrazu (x− 1)2.
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y =
2(x2 − x + 1)

(x − 1)2
D( f ) = R \ {1}, y(0) = 2, nenı́ průsečı́k s osou x

y′ = 2

(

x2 − x + 1

(x − 1)2

)′

= 2
(2x − 1)(x − 1)2 − (x2 − x + 1)2(x − 1)(1 − 0)

((x − 1)2)2

= 2(x − 1)
(2x − 1)(x − 1) − (x2 − x + 1)2

(x − 1)4

= 2
2x2 − 2x − x + 1 − (2x2 − 2x + 2)

(x − 1)3

= 2
−x − 1

(x − 1)3
= −2

x + 1

(x − 1)3

y′ = −2
x + 1

(x − 1)3
, x1 = −1. . . lok. minimum, y(−1) =

3

2

Vytkneme (x − 1).
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y =
2(x2 − x + 1)

(x − 1)2
D( f ) = R \ {1}, y(0) = 2, nenı́ průsečı́k s osou x

y′ = 2

(

x2 − x + 1

(x − 1)2

)′

= 2
(2x − 1)(x − 1)2 − (x2 − x + 1)2(x − 1)(1 − 0)

((x − 1)2)2

= 2(x − 1)
(2x − 1)(x − 1) − (x2 − x + 1)2

(x − 1)4

= 2
2x2 − 2x − x + 1 − (2x2 − 2x + 2)

(x − 1)3

= 2
−x − 1

(x − 1)3
= −2

x + 1

(x − 1)3

y′ = −2
x + 1

(x − 1)3
, x1 = −1. . . lok. minimum, y(−1) =

3

2

Roznásobı́me závorky a zkrátı́me (x − 1).
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y =
2(x2 − x + 1)

(x − 1)2
D( f ) = R \ {1}, y(0) = 2, nenı́ průsečı́k s osou x

y′ = 2

(

x2 − x + 1

(x − 1)2

)′

= 2
(2x − 1)(x − 1)2 − (x2 − x + 1)2(x − 1)(1 − 0)

((x − 1)2)2

= 2(x − 1)
(2x − 1)(x − 1) − (x2 − x + 1)2

(x − 1)4

= 2
2x2 − 2x − x + 1 − (2x2 − 2x + 2)

(x − 1)3

= 2
−x − 1

(x − 1)3
= −2

x + 1

(x − 1)3

y′ = −2
x + 1

(x − 1)3
, x1 = −1. . . lok. minimum, y(−1) =

3

2

Upravı́me čitatel.
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y =
2(x2 − x + 1)

(x − 1)2
D( f ) = R \ {1}, y(0) = 2, nenı́ průsečı́k s osou x

y′ = 2

(

x2 − x + 1

(x − 1)2

)′

= 2
(2x − 1)(x − 1)2 − (x2 − x + 1)2(x − 1)(1 − 0)

((x − 1)2)2

= 2(x − 1)
(2x − 1)(x − 1) − (x2 − x + 1)2

(x − 1)4

= 2
2x2 − 2x − x + 1 − (2x2 − 2x + 2)

(x − 1)3

= 2
−x − 1

(x − 1)3
= −2

x + 1

(x − 1)3

y′ = −2
x + 1

(x − 1)3
, x1 = −1. . . lok. minimum, y(−1) =

3

2

Derivace.
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y =
2(x2 − x + 1)

(x − 1)2
D( f ) = R \ {1}, y(0) = 2, nenı́ průsečı́k s osou x

y′ = −2
x + 1

(x − 1)3
, x1 = −1. . . lok. minimum, y(−1) =

3

2

−2
x + 1

(x − 1)3
= 0

x + 1 = 0

x = −1

↘

−1

min ↗
◦
1

↘

y′′ = −2

(

x + 1

(x − 1)3

)′

= −2
1(x − 1)3 − (x + 1)3(x − 1)2(1 − 0)

Řešı́me rovnici y′ = 0.
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y =
2(x2 − x + 1)

(x − 1)2
D( f ) = R \ {1}, y(0) = 2, nenı́ průsečı́k s osou x

y′ = −2
x + 1

(x − 1)3
, x1 = −1. . . lok. minimum, y(−1) =

3

2

−2
x + 1

(x − 1)3
= 0

x + 1 = 0

x = −1

↘

−1

min ↗
◦
1

↘

y′′ = −2

(

x + 1

(x − 1)3

)′

= −2
1(x − 1)3 − (x + 1)3(x − 1)2(1 − 0)

Čitatel musı́ být nula. Stacionárnı́m bodem je tedy x = −1.
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y =
2(x2 − x + 1)

(x − 1)2
D( f ) = R \ {1}, y(0) = 2, nenı́ průsečı́k s osou x

y′ = −2
x + 1

(x − 1)3
, x1 = −1. . . lok. minimum, y(−1) =

3

2

↘

−1

min ↗
◦
1

↘

y′′ = −2

(

x + 1

(x − 1)3

)′

= −2
1(x − 1)3 − (x + 1)3(x − 1)2(1 − 0)

((x − 1)3)2

= −2(x − 1)2 (x − 1)− (x + 1)3

(x − 1)6

= −2
−2x − 4

(x − 1)4
= 4

x + 2

(x − 1)4

x + 2

zakreslı́me stacionárnı́ bod a bod nespojitosti.
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y =
2(x2 − x + 1)

(x − 1)2
D( f ) = R \ {1}, y(0) = 2, nenı́ průsečı́k s osou x

y′ = −2
x + 1

(x − 1)3
, x1 = −1. . . lok. minimum, y(−1) =

3

2

↘

−1

min ↗
◦
1

↘

y′′ = −2

(

x + 1

(x − 1)3

)′

= −2
1(x − 1)3 − (x + 1)3(x − 1)2(1 − 0)

((x − 1)3)2

= −2(x − 1)2 (x − 1)− (x + 1)3

(x − 1)6

= −2
−2x − 4

(x − 1)4
= 4

x + 2

(x − 1)4

x + 2

Určı́me y′(−2).

y′(−2) = −2
−2 + 1

(−2 − 1)3
= −2

negative
negative

< 0



c©Robert Mařı́k, 2004.

y =
2(x2 − x + 1)

(x − 1)2
D( f ) = R \ {1}, y(0) = 2, nenı́ průsečı́k s osou x

y′ = −2
x + 1

(x − 1)3
, x1 = −1. . . lok. minimum, y(−1) =

3

2

↘

−1

min ↗
◦
1

↘

y′′ = −2

(

x + 1

(x − 1)3

)′

= −2
1(x − 1)3 − (x + 1)3(x − 1)2(1 − 0)

((x − 1)3)2

= −2(x − 1)2 (x − 1)− (x + 1)3

(x − 1)6

= −2
−2x − 4

(x − 1)4
= 4

x + 2

(x − 1)4

x + 2

Určı́me y′(0).

y′(0) = −2
0 + 1

(0 − 1)3
= −2

kladná hodnota
záporná hodnota

> 0
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y =
2(x2 − x + 1)

(x − 1)2
D( f ) = R \ {1}, y(0) = 2, nenı́ průsečı́k s osou x

y′ = −2
x + 1

(x − 1)3
, x1 = −1. . . lok. minimum, y(−1) =

3

2

↘

−1

min ↗
◦
1

↘

y′′ = −2

(

x + 1

(x − 1)3

)′

= −2
1(x − 1)3 − (x + 1)3(x − 1)2(1 − 0)

((x − 1)3)2

= −2(x − 1)2 (x − 1)− (x + 1)3

(x − 1)6

= −2
−2x − 4

(x − 1)4
= 4

x + 2

(x − 1)4

x + 2

Lokálnı́ minimum pro x = −1. Funkčnı́ hodnota je

y(−1) =
2((−1)2 − (−1) + 1)

(−1 − 1)2
=

2.3

4
=

3

2
.



c©Robert Mařı́k, 2004.

y =
2(x2 − x + 1)

(x − 1)2
D( f ) = R \ {1}, y(0) = 2, nenı́ průsečı́k s osou x

y′ = −2
x + 1

(x − 1)3
, x1 = −1. . . lok. minimum, y(−1) =

3

2

↘

−1

min ↗
◦
1

↘

y′′ = −2

(

x + 1

(x − 1)3

)′

= −2
1(x − 1)3 − (x + 1)3(x − 1)2(1 − 0)

((x − 1)3)2

= −2(x − 1)2 (x − 1)− (x + 1)3

(x − 1)6

= −2
−2x − 4

(x − 1)4
= 4

x + 2

(x − 1)4

x + 2

y′(2) = −2
2 + 1

(2 − 1)3
= −2

3

1
< 0
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y =
2(x2 − x + 1)

(x − 1)2
D( f ) = R \ {1}, y(0) = 2, nenı́ průsečı́k s osou x

y′ = −2
x + 1

(x − 1)3
, x1 = −1. . . lok. minimum, y(−1) =

3

2

y′′ = −2

(

x + 1

(x − 1)3

)′

= −2
1(x − 1)3 − (x + 1)3(x − 1)2(1 − 0)

((x − 1)3)2

= −2(x − 1)2 (x − 1)− (x + 1)3

(x − 1)6

= −2
−2x − 4

(x − 1)4
= 4

x + 2

(x − 1)4

y′′ = 4
x + 2

(x − 1)4
, x2 = −2

4
x + 2

= 0

Vypočteme druhou derivaci.
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y =
2(x2 − x + 1)

(x − 1)2
D( f ) = R \ {1}, y(0) = 2, nenı́ průsečı́k s osou x

y′ = −2
x + 1

(x − 1)3
, x1 = −1. . . lok. minimum, y(−1) =

3

2

y′′ = −2

(

x + 1

(x − 1)3

)′

= −2
1(x − 1)3 − (x + 1)3(x − 1)2(1 − 0)

((x − 1)3)2

= −2(x − 1)2 (x − 1)− (x + 1)3

(x − 1)6

= −2
−2x − 4

(x − 1)4
= 4

x + 2

(x − 1)4

y′′ = 4
x + 2

(x − 1)4
, x2 = −2

4
x + 2

= 0

• Použijeme pravidlo pro derivaci podı́lu.

• Jmenovatel budeme derivovat jako složenou funkci.
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y =
2(x2 − x + 1)

(x − 1)2
D( f ) = R \ {1}, y(0) = 2, nenı́ průsečı́k s osou x

y′ = −2
x + 1

(x − 1)3
, x1 = −1. . . lok. minimum, y(−1) =

3

2

y′′ = −2

(

x + 1

(x − 1)3

)′

= −2
1(x − 1)3 − (x + 1)3(x − 1)2(1 − 0)

((x − 1)3)2

= −2(x − 1)2 (x − 1)− (x + 1)3

(x − 1)6

= −2
−2x − 4

(x − 1)4
= 4

x + 2

(x − 1)4

y′′ = 4
x + 2

(x − 1)4
, x2 = −2

4
x + 2

= 0

Vytkneme (x − 1)2 v čitateli.
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y =
2(x2 − x + 1)

(x − 1)2
D( f ) = R \ {1}, y(0) = 2, nenı́ průsečı́k s osou x

y′ = −2
x + 1

(x − 1)3
, x1 = −1. . . lok. minimum, y(−1) =

3

2

y′′ = −2

(

x + 1

(x − 1)3

)′

= −2
1(x − 1)3 − (x + 1)3(x − 1)2(1 − 0)

((x − 1)3)2

= −2(x − 1)2 (x − 1)− (x + 1)3

(x − 1)6

= −2
−2x − 4

(x − 1)4
= 4

x + 2

(x − 1)4

y′′ = 4
x + 2

(x − 1)4
, x2 = −2

4
x + 2

= 0

Upravı́me.
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y =
2(x2 − x + 1)

(x − 1)2
D( f ) = R \ {1}, y(0) = 2, nenı́ průsečı́k s osou x

y′ = −2
x + 1

(x − 1)3
, x1 = −1. . . lok. minimum, y(−1) =

3

2

y′′ = −2

(

x + 1

(x − 1)3

)′

= −2
1(x − 1)3 − (x + 1)3(x − 1)2(1 − 0)

((x − 1)3)2

= −2(x − 1)2 (x − 1)− (x + 1)3

(x − 1)6

= −2
−2x − 4

(x − 1)4
= 4

x + 2

(x − 1)4

y′′ = 4
x + 2

(x − 1)4
, x2 = −2

4
x + 2

= 0

Obdrželi jsme druhou derivaci.
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y =
2(x2 − x + 1)

(x − 1)2
D( f ) = R \ {1}, y(0) = 2, nenı́ průsečı́k s osou x

y′ = −2
x + 1

(x − 1)3
, x1 = −1. . . lok. minimum, y(−1) =

3

2

y′′ = 4
x + 2

(x − 1)4
, x2 = −2

4
x + 2

(x − 1)4
= 0

x + 2 = 0

x = −2

∩

−2

in. ∪ ◦
1

∪

Řešı́me y′′ = 0.
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y =
2(x2 − x + 1)

(x − 1)2
D( f ) = R \ {1}, y(0) = 2, nenı́ průsečı́k s osou x

y′ = −2
x + 1

(x − 1)3
, x1 = −1. . . lok. minimum, y(−1) =

3

2

y′′ = 4
x + 2

(x − 1)4
, x2 = −2

4
x + 2

(x − 1)4
= 0

x + 2 = 0

x = −2

∩

−2

in. ∪ ◦
1

∪

Jediné řešenı́ je x = −2.
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y =
2(x2 − x + 1)

(x − 1)2
D( f ) = R \ {1}, y(0) = 2, nenı́ průsečı́k s osou x

y′ = −2
x + 1

(x − 1)3
, x1 = −1. . . lok. minimum, y(−1) =

3

2

y′′ = 4
x + 2

(x − 1)4
, x2 = −2

∩

−2

in. ∪ ◦
1

∪

Určı́me intervaly konvexnosti a konkavity.
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y =
2(x2 − x + 1)

(x − 1)2
D( f ) = R \ {1}, y(0) = 2, nenı́ průsečı́k s osou x

y′ = −2
x + 1

(x − 1)3
, x1 = −1. . . lok. minimum, y(−1) =

3

2

y′′ = 4
x + 2

(x − 1)4
, x2 = −2

∩

−2

in. ∪ ◦
1

∪

y′′(−3) = 4
−3 + 2

kladná hodnota
< 0
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y =
2(x2 − x + 1)

(x − 1)2
D( f ) = R \ {1}, y(0) = 2, nenı́ průsečı́k s osou x

y′ = −2
x + 1

(x − 1)3
, x1 = −1. . . lok. minimum, y(−1) =

3

2

y′′ = 4
x + 2

(x − 1)4
, x2 = −2

∩

−2

in. ∪ ◦
1

∪

y′′(0) = 4
0 + 2

kladná hodnota
> 0
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y =
2(x2 − x + 1)

(x − 1)2
D( f ) = R \ {1}, y(0) = 2, nenı́ průsečı́k s osou x

y′ = −2
x + 1

(x − 1)3
, x1 = −1. . . lok. minimum, y(−1) =

3

2

y′′ = 4
x + 2

(x − 1)4
, x2 = −2

∩

−2

in. ∪ ◦
1

∪

Inflexnı́ bod v bodě x = −2. Funkčnı́ hodnota je

y(−2) =
14

9
.

(Vypočtěte si sami.)
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y =
2(x2 − x + 1)

(x − 1)2
D( f ) = R \ {1}, y(0) = 2, nenı́ průsečı́k s osou x

y′ = −2
x + 1

(x − 1)3
, x1 = −1. . . lok. minimum, y(−1) =

3

2

y′′ = 4
x + 2

(x − 1)4
, x2 = −2

∩

−2

in. ∪ ◦
1

∪

y′′(2) = 4
2 + 1

kladná hodnota
> 0



c©Robert Mařı́k, 2004.

+
◦
1

+ ↘

−1

min↗
◦
1

↘ ∩

−2

in. ∪ ◦
1

∪

f (0) = 2

f (±∞) = 2

f (1±) = +∞

f (−1) =
3

2

f (−2) =
14

9

Shrneme dosavadnı́ znalosti.
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+
◦
1

+ ↘

−1

min↗
◦
1

↘ ∩

−2

in. ∪ ◦
1

∪

f (0) = 2

f (±∞) = 2

f (1±) = +∞

f (−1) =
3

2

f (−2) =
14

9

x

y

1−1−2

2

Nakreslı́me souřadnou soustavu.
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+
◦
1

+ ↘

−1

min↗
◦
1

↘ ∩

−2

in. ∪ ◦
1

∪

f (0) = 2

f (±∞) = 2

f (1±) = +∞

f (−1) =
3

2

f (−2) =
14

9

x

y

1−1−2

2

Vyznačı́me průsečı́k s osou y. Funkce v tomto bodě roste.
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+
◦
1

+ ↘

−1

min↗
◦
1

↘ ∩

−2

in. ∪ ◦
1

∪

f (0) = 2

f (±∞) = 2

f (1±) = +∞

f (−1) =
3

2

f (−2) =
14

9

x

y

1−1−2

2

Nakreslı́me asymptoty.
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+
◦
1

+ ↘

−1

min↗
◦
1

↘ ∩

−2

in. ∪ ◦
1

∪

f (0) = 2

f (±∞) = 2

f (1±) = +∞

f (−1) =
3

2

f (−2) =
14

9

x

y

1−1−2

2

Nakreslı́me funkci v okolı́ svislé asymptoty.
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+
◦
1

+ ↘

−1

min↗
◦
1

↘ ∩

−2

in. ∪ ◦
1

∪

f (0) = 2

f (±∞) = 2

f (1±) = +∞

f (−1) =
3

2

f (−2) =
14

9

x

y

1−1−2

2

Nakreslı́me funkci v okolı́ vodorovné asymptoty.



c©Robert Mařı́k, 2004.

+
◦
1

+ ↘

−1

min↗
◦
1

↘ ∩

−2

in. ∪ ◦
1

∪

f (0) = 2

f (±∞) = 2

f (1±) = +∞

f (−1) =
3

2

f (−2) =
14

9

x

y

1−1−2

2

Nakreslı́me lokálnı́ minimum funkce.
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+
◦
1

+ ↘

−1

min↗
◦
1

↘ ∩

−2

in. ∪ ◦
1

∪

f (0) = 2

f (±∞) = 2

f (1±) = +∞

f (−1) =
3

2

f (−2) =
14

9

x

y

1−1−2

2

Hotovo!
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